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the respective procedure is to be applied. For either of
the triples, one kind of quadruple corresponding to
b~d b~d and one kind of quadruple corresponding to
b~d b~d result, each leading to one only P/MDO
polytype with m = 2 and m = 4, respectively.

It is remarkable that only three of the four MDO
polytypes are amongst the frequently occurring poly-
types listed in Table 2, but also two of the four only
P/MDO polytypes (namely those with m = 2).

Concluding remarks

Although classification of polytypes of any family as
MDO, only P/MDO or not P/MDO and deduction of
all MDO polytypes and all only P/MDO polytypes is
not too difficult, the explanation of the corresponding
procedures may seem fairly involved. The reason is that
by far the most OD crystals contain layers of not more
than two different kinds, and for such families there is
obviously only one kind of packet. Furthermore, by far
the most OD crystals with M > 1 belong to category
IV or category I — and treated as category III — there is
thus only one position of d' relative to »' and for
category IV also only one position of d* relative to 5",
namely those leading together with b! or #” to 4! and
AM, respectively.

Although, as exemplified in Table 2, MDO and only
P/MDO polytypes are not the only polytypes occurring
in nature, they certainly seem to occur more frequently
than others. In a number of polytype families they are
indeed the only polytypes so far observed. Their
knowledge may help for identifying the polytypes
present (or mainly present) in a sample consisting of a
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multitude of crystals too small for single-crystal work,
from powder diffraction diagrams. In this way they
have already been used for the identification of
vermiculite polytypes (Weiss & Durovi¢, 1980; Weiss,
1976).
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By W. ADLHART

Institut fiir Kristallographie und Mineralogie der Universitdt Miinchen, Theresienstrasse 41, 8 Miinchen 2,
Federal Republic of Germany

(Received 16 December 1981; accepted 16 February 1982)

Abstract

A phenomenological Landau theory yields new ex-
citations in incommensurate structures corresponding
to a phase and amplitude fluctuation of the modulating
function. The dynamic structure factors for the new
excitation modes are calculated in harmonic approxi-
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mation and the influence of phase and amplitude
fluctuations is discussed.

1. Introduction

In recent years structures with a static periodical
displacement of the atoms from their perfect lattice

© 1982 International Union of Crystallography



W. ADLHART

positions have been studied with rising interest. Since
the wave vector q, of the modulation cannot be
represented by a simple rational fraction of a
reciprocal-lattice vector, these structures are called
incommensurate structures (for a review see Axe,
1976).

Overhauser (1971) proposed new excitations for
these structures, so-called phasons, corresponding to a
phase fluctuation of the static modulation wave. Owing
to the incommensurability a uniform phase shift of the
modulation wave is possible without any energy
consumption, and therefore it is expected that the
frequency of this new vibrational branch approaches
zero at the site of the satellites. Quite recently, new
excitations have been found in biphenyl (Cailleau,
Moussa, Zeyen & Bouillot, 1980) and were explained
by the authors by phasons, since they observed a linear
dispersion relation originating from the satellite
reflections.

A simple explanation for the new excitations within
an incommensurate structure may be given with a
phenomenological Landau theory (McMillan, 1975,
1976; Axe, 1976; Cowley & Bruce, 1978). An-
harmonic terms in the free energy mix normal modes
whose wave vectors differ by +2q,, giving rise to
new normal modes. They correspond to a fluctuation of
the phase and amplitude of the static modulation wave:

u; = Asin (qor, + D).

(r, is the position vector of the unit cell in a primitive
Bravais lattice). The fluctuations d®, and JA, of phase
and amplitude cause further atomic displacements:

Ou; = SA;sin (qur; + Py) + AID, cos (qor, + Dy). (1)

Another Ansatz for the atomic displacements originat-
ing from the static modulation wave and the phase
fluctuations was introduced by Overhauser (1971):

()

The displacements of the phase fluctuations in (1) and
(2) coincide only for small fluctuations 69, < 1. The
phenomenological Landau theory yields displacements
corresponding only approximately to phase fluc-
tuations of the static modulation wave. There are also
consequences for the scattering effects. Whereas (2)
leads to a rather simple Q-independent Debye—~Waller
factor for satellite reflections (Overhauser, 1971), the
atomic displacements of (1) yield a Debye—Waller
factor which is a complicated function of the scattering
vector Q and the fluctuations dA, and 5, (Axe, 1980).

The purpose of this study is to show the influence of
phase and amplitude fluctuations of the static dis-
placement wave and the influence of ‘normal’ phonons
on static and dynamic structure factors. It is antici-
pated that the fluctuations can be expanded into normal
modes being all statistically independent from one
another. The Ansatz for the atomic displacements is

u; = Asin (qor, + Dy + 5P)).
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taken from the result of the phenomenological Landau
theory [equation (1)]. We limit the calculation of the
scattered intensities to the elastic structure factor and
one-phonon processes. Multi-phonon processes are
neglected.

2. Structure factors

In order to calculate the structure factors we first
consider the scattered amplitude F(Q), i.e. the Fourier
transform of the electron density function. The equilib-
rium position r,, of the atom « in the unit cell / is
defined by the position vector r, of the unit cell and the
vector r,, where r,; = r, + r,. The total displacement u,,
from this equilibrium position consists of the fluc-
tuation 6U,, caused by normal phonons, the
modulation wave

A, sin(qqr,, + @),
the fluctuation in phase
00, A, cos (qor, + D),
and amplitude
0A,,sin (qor,; + D,q)

of the static modulation wave.
The instantaneous position of the atom x within the
unit cell / is therefore given by

rg+ug=r.+1,+0U,+ A ing,

+ 0P, A cosb,+ A, sind, (3)

where 8, = qor,; + D,
Introducing a Fourier expansion for the fluctuations
we get

oU,, =2 U, sin(gr,, + x,)
q

6P, =2 b, sin(qr,; + ¢,,)
q

0A,, =2 a,sin(gr, + ). @)
q
U,, is the amplitude of a normal phonon, @,, and a,,
are the amplitudes of a phase modulation (‘phason’)
and an amplitude modulation phonon (‘amplitudon’)
respectively. For the following calculation it is antici-
pated that these modes are statistically independent.
The Fourier transform of the electron density
function is

FQ=X2% f.expliQ(r, + u,), (5)
I x

where f, = form factor of the xth atom.
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In the following we consider the exponential term for
the various contributions in (3).

2.1. Elastic structure factor

To calculate F(Q)at Q = G —mq, (m=0, +1, +2,
..., {G} = the total set of reciprocal-lattice vectors) we
first transform the term exp[iQA, sin (qor, + D)
with the help of the Jakobi—Anger generating function
for Bessel functions:

+ o0

exp(izsing) =

m=—aoo

exp (img) J,,(2).
Accordingly, we get
expliQA, sin (qgr,, + @)l = 2 explim(qyr,, + @)l
m

X J.(QA,). (6)

For the moment we neglect all fluctuations and after
summing over [ we obtain from (5) and (6) the
structure factor for the main and satellite reflections at

Q=G —mq,:
F,(Q) = 8(Q + mg,— G)
x 2 f.expli(Gr, + m®_)IJ,(QA,).
In order to determine the influence of the fluctuations

on the elastic structure factor we consider first the
phonon term

exp (iQoU,)) = exp { iQ[Z U,, sin(gr,, + qu):l }

Using again the Jakobi—Anger function we may write

exp (iQdU, ) =1 {Z J.(QU,,) exp lin(qr,, + xq,‘)]} .

)

Since we are interested in the scattering at the sites G —
mq, we may only use Bessel functions of zero order in
(7), because in that case the term explin(qr,, + x,)]
= 1. For infinitesimal displacements U,, the function
J,(z) may be developed logarithmically and we obtain

InJy(z) ~In(1 — $z%) ~ —4z2

In this way (7) transforms to the well-known Debye-
Waller factor for the atom «:

I17,(QU,,) =exp(—W,) (8)
with

W,.=12 (QU,)"

EXCITATIONS IN MODULATED STRUCTURES

Next we study the influence of the phase fluctuations of
the modulation wave. With the help of the Jakobi-
Anger function we obtain

exp (iQA, 69, cos 6,) =1 {Z explin(qr, + ¢,,)]
q n

x J (P, QA, cos 6’,‘,)‘. )

In this case the Fourier expansion of d®,, was used
according to (4). As for the phonons, we consider again
only Bessel functions of zero order for the elastic
structure factor. After a logarithmic expansion in
analogy to (8), (9) can be transformed into

exp{—%[(QAK)IZ (Dg,c] cos? 6,‘,}
q

=exp(—W2)exp(—W?2cos 26,,), (10)

with
Wt?=%(QAn)2Z ‘Dlzhc‘
q

From (10) we see that the phase fluctuations cause a
spatially modulated contribution with a wave vector
2q,. As already thoroughly discussed by Axe (1980)
this leads to a superposition of Bessel functions
J.(QA,) and J,.,(QA,) within the elastic structure
factor.

The influence of the amplitude fluctuations of the
modulation wave is given by the term

exp (iIQJA ;sin 6,) =[] {Z exp lin(qr,; + v,,)]
q n

x J,(Qa,, sin HK,)}. (11
In analogy to the phase fluctuations (11) becomes
exp (—W%)exp (W4 cos 26,,), (12)
with
wi=32 (Qa,)
q
Owing to the similar spatial modulation we combine the

phase and amplitude fluctuations and after multi-
plication of (10) and (12) we find
exp (—w}) exp (—w cos 26,,), (13)
where
wt=W2+ W and w, =W2— W2
By use of the modified Bessel function
I.(z2)=i""J,(iz),

(13) may be expanded to

exp(—wi) > (—1)° I, (w;) exp (2is8,).
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Combining this result with (6) and (8) we obtain

exp [iQ(r,, + u, )]l =exp (—W,)
x exp (—wy) B(6,;) C(6,,), (14)
with

B(6,) =Y exp(imf,)J,(QA,)

and

C@O,) =3 (—1yI(w,)exp (2isb,).

If we rearrange the sums B(6,,) and C(6,,) and perform
the total Fourier transform the elastic structure factor
considering all fluctuations is at Q = G — mq,

F,(Q) =4dQ +mqy—G)Y f.exp(—W,) T,(QA))

(15)

Compared to the non-modulated structure we have an
additional ‘temperature factor’

x exp [i(Gr, + m®,)l.

TW(QA) =exp (—w}) 2 (1) L,(w;) J_2(QA,)

describing the influence of the modulation wave as well
as the phase and amplitude fluctuations.

2.2. Dynamic structure factor

In the following we calculate the intensity of the
diffuse scattering caused by the fluctuations (4).

Phonons. For the structure factor of a given phonon
with the wave vector q, we use the corresponding
first-order Bessel function from (7)

J,(QU,,) ~3(QU,,),

and taking into account the fluctuations of all other
phonons we obtain for (7):

3QU,,) expli(ar,; + x,,)] exp (—W,).

In the Fourier transform of (5) we must consider the
additional phase term (qr,, + y,,) and with (15) the
one-phonon structure factor at the site of Q = G — mgq,
— qis found to be

FL(Q)=4(Q + q + mq,— G)
x> f.exp(—W,)TY(QA,)

1{U,,
X S\F e li(Gr, + m®,, + x,). (16)

K

U,, and A, are the components of U,, and A, along the
scattering vector Q, and using (15) the function T is
given by

TrLrll = (QAK) Tm'
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Phasons. Similar to the phonons we examine in (9) a
phase modulation phonon with a wave vector q. Again
we use the first-order Bessel function for the given
phason and the phase fluctuation caused by all other
phasons is taken into account by the Debye—Waller
factor given in (10). Then the appropriate term for the
one-phason process is

J(@,,QA, cos 8,) exp [—W2(1 + cos 26,))]

x expli(gr,, + ¢,,)). (17)

Compared to the phonons also the argument of the
Bessel function has a spatial modulation. For small
?,,, (17) is transformed into

D(6,) exp (—W?2) exp (—W 2 cos 26,)),
where
D(6,) =49, expli(qr,, + ¢,.)] (QA,/2)
x [exp(i0,) + exp(—if,)).  (18)

In comparison to (10) we obtain an additional factor
D(8,), that is to say, in order to calculate the phason
structure factor, the right-hand side of (14) must simply
be multiplied by D(8,,).

Accordingly, we obtain

expliQ(r,, + u,,)) = exp (—W,) exp (—w}) B(6,)
x C(6,,) D(8,).

The sums B(8,), C(6,), and D(8,,) are rearranged
relative to a uniform phase ,,. By summing over / we
obtain the phason structure factor

Fo(Q) =4(Q + q + mq, — G)
x> f.exp(—W,)T2QA) @,./2

x expli(Gr, + m®, 4+ 9, (19)

with
T7(QA,) =3(QA,) exp (—w;)
X Zs: D LW 2-1(QA))
+ 2541 (QA
Owing to the relation

Im-1(2) + T 1 (2) = 2m/2) T, (2),

T2 can be transformed to
TR(QA,) = exp(—wy)
X 2 (=1 I (wo)(m — 25)J,_25(QA,)

It is interesting to compare F&(Q) with the elastic
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structure factor for the case w; = 0= W — W2 Then
we find

TS =mT,, (20)
In this case of equal amplitude and phase fluctuations,
phasons cannot be observed at main reflections.

Amplitudons. To derive the structure factor for an
amplitude modulation phonon an analogous way as in
the foregoing section must be chosen.

For a given amplitude phonon with the wave vector
q, (11) becomes

exp (iIQA,;sin 6,) = E(6,;) exp (—W¢)
x exp (Wécos 26,)),

with
E(e,d) = %Qaqx exp [i(qr,cl + qu)]

i
X 3 lexp (—if,,) — exp (i6,)],

and the structure factor for amplitude modes is
Fr(Q)=4(Q + q + mq, — G)
X Z f,c €xp (_' W'c) T;(QA:() %(dqn/‘/irc)

x expli(Gr, + m®,y + y,)], (21

with
T¢(QA,) = % (QA) exp(—wH) S (—1F I,(w=)

X {Jm—25+l(QAn) - Jm—Zs—l(QAx)}‘

a,, is the component of a, along Q. Contrary to the
phasons, amplitudons are observable also for w; = 0 at
main reflections.

Scattering law. So far we have calculated the elastic
structure factor F(Q) and the scattered amplitudes for
the various modes [equations (16), (19), and (21)],
disregarding the time dependence of the modes in (4).
This is possible for X-ray scattering owing to the
energy integration of the scattered radiation.

But it is not possible for neutron scattering, where we
must analyse the coherent elastic cross section

d?o k' s )
dQdw 27k Q @),

where k and k' are the initial and final wave vectors.
The scattering law S(Q,w) is defined by the Fourier
transform of the correlation function G(r,¢) in space
and time. As we have already performed the Fourier
transform in space in the foregoing sections we obtain
for

S(Qw) = I dt exp (—iwt) (F(=Q,0) F(Q,0))r. (22)

EXCITATIONS IN MODULATED STRUCTURES

The time dependence of the structure factor is easily
introduced by substituting for all phases in (4)

Xq'c - qu + wqt
Pae— P + gt
Vax = Vax + WgL-
Equation (19) is for instance transformed to
Fa(Q.0) = F(Q) exp (iwg ).
The only time dependence results from the phase mode
q, since (19) contains no phases of other fluctuation

modes. Accordingly, the scattering law for this example
is

S(Q,w) =F2*(Q) FA(Q) dw — w}).

Consequently the results in (16), (19), and (21) may
also be used for interpretation of neutron experiments.

3. Discussion

The elastic and dynamic structure factors given in (15),
(16), (19), and (21) have been calculated within the

1.0
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051

0-0

Fig. 1. Scattered intensity of main reflections and phasons, ampli-
tudons and phonons around the main reflections (m = 0). The
intensities are proportional to (7)? , (TER - , (T9)?

and (TY)? [see equations (15), (16), (19) and

(21)]. For better presentation different scale factors were chosen

for the various functions. (a) {®?), (a%,) = 0. Scale factors are |

for (T,)? and 8 for (T8)? and (T§)%. (b) (P = 0-25,{a;) = 0;

the same result is obtained for {(®?) = 0, (a%,) = 0-25. Scale

rel

factors are 1 for (Tp)% (79)? and (T'§)% and 0-3 for (T'3)~
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range O (QA) 10. Estimations of the phase

fluctuations
(P =33 @]
q
indicate that, by assuming the mean-square atomic
displacements caused by phonons to be comparable to

acoustic phonon modes, (@) may reach values
between 0-004 and 1 (Axe, 1980).

l-O"

(@)

1'0“ ©

4 6 8 10
QA

Fig. 2. The same functions as in Fig. | for m =1 (first-order satellite
reflections). (a) (9?), {a2,> = 0. The scale factors are 0-5 for
(T,)% and 8 for (T'?)? and (TY). The insert shows the scattered
intensities for small values (QA). All scale factors in the insert
are 1. For the given values of (®?) and {a%), T? = T, [equa-
tion (20)]. (b) (P?) = 0-25, {a?,) = 0. Scale factors are 0-5 for
(T))? and (T%)% and 2 for (T9)* and (TY)% (¢c) (P =0,
{a%> = 0.25. Scale factors are 0-5 for (T,)? (T?)? and 1 for
(T9)? and (TV).
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The phenomenological Landau theory explains the
incommensurate structure by the freezing of a soft
mode. In that case amplitude and phase fluctuations
should be of approximately the same magnitude shortly
below the phase transition. For this reason we have
also examined the effect of amplitude fluctuations

<arel = % Z (dq/“i)z'
q
Using this expression, the Debye—Waller factors

®=1(QA)Y(P?) and W(QA) (af,)
may be directly compared.

1-01

0-51

l//,"\\\\ ,/ii::\
0-0 6 8 10
QA

Fig. 3. The same functions as in Fig. 2 for m = 2 (second-order
reflections). (a) (P?), (aZ,) = 0. The scale factors are 1 for (T’,)?
and (T9? and 8 for (T'9)? and (T4 In the insert all scale
factors are 1, (b) (92 = 0-25, (a’,) = 0. The scale factors are
0-5 for (T,)? and (T'?)2 and 3 for (T9? and (T (c) (P2 =
0, (a%,» = 0-25. The same scale factors as in () are used.
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The numerical calculation accuracy is better than
1%, entailing sometimes summations of Bessel func-
tions up to 16th order. The given squared functions
(T,)? (TY)? (T2, and (T4)* contain no phonon
Debye—Waller factor, i.e. the actual structure factors
may be considerably attenuated for high (QA),
depending on the factor exp (—W ).

In Fig. 1(a) the results for m = 0 (main reflections)
are summarized. For (®?) and {(a2,) = 0 (these ought
to be taken as limiting cases for negligible phase and
amplitude fluctuations, respectively) phasons cannot be
observed. Yet, surprisingly enough, amplitudons may
be well observed at the sites of weak main reflections.
Anticipating comparable amplitudes a, and U, i.e.
comparable mode frequencies, the amplitudons ought
to be as well observable as phonons.

The results for (®?) = 0-25 and {a%,) = 0 as well as
{d?,> = 0-25 and {@*) = 0, respectively, are shown in
Fig. 1(b). Both cases yield the same results. The
considerable attenuation of the functions T, T'§, and
T¢ above (QA) ~ 2.4 are quite characteristic.
Furthermore, phasons become observable, but only for
(QA) = 2. Nevertheless, this result seems quite
important for experiments, since it provides the
possibility of estimating the magnitude of the phase and
amplitude fluctuations by observation of the phasons
near main reflections.

For first-order satellites and small (QA), the
functions T,, T®, and T¢ are almost identical (see
insert in Fig. 2a). Whereas the functions 7, and T?
become identical for {(®?) and (a2, = 0 (see Fig. 2a),
the antiphase behaviour of the satellite intensity relative
to the amplitudons may be observed for all calculated
fluctuations as well as for m = 0. At the maximum
intensity of a first-order satellite no amplitudons may
be observed (Figs. 2b,c). It is interesting to see that the
fluctuations (@P?) and (a2, have quite a different
effect on the function T'®. For phase fluctuations the
node at (QA) ~ 3.8 is displaced (Fig. 2b). The anti-
phase behaviour of the functions 7, and 7Y observed
for m = 2 is similar to the cases m = 0 and m = 1.

EXCITATIONS IN MODULATED STRUCTURES

For small (QA) we can write
(TP =~ (T7) ~ ATy,

i.e. phasons and amplitudons increase relative to the
satellite intensity. As for m = 1, phase and amplitude
fluctuations affect the function T'# quite differently (see
Figs. 3b and ¢).

4. Conclusion

In this report the phason and amplitudon structure
factors have been derived and the influence of phase
and amplitude fluctuations on the elastic as well as
dynamic structure factor have been investigated. The
main results are:

(i) Phasons are well observable near intense satellite
reflections.

(ii) Owing to the influence of amplitude and phase
fluctuations it is also possible to observe phasons near
main reflections.

(iii) Amplitudons may be observed near main and
satellite reflections. Apart from very small (QA)
values, amplitudons are well observable when the main
and satellite reflections are weak.

It is a pleasure to acknowledge valuable discussions
with Professor H. Jagodzinski, F. Frey, and C. Zeyen.
Furthermore we thank the Deutsche Forschungs-
gemeinschaft for its financial support (Project No. Ja
15/34).
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